Abstract Models for diseases spreading are not just limited to SIS or SIR. For instance, for the spreading of AIDS/HIV, the susceptible individuals can be classified into different cases according to their immunity, and similarly, the infected individuals can be sorted into different classes according to their infectivity. Moreover, some diseases may develop through several stages. Many authors have shown that the individuals' relation can be viewed as a complex network. So in this paper, in order to better explain the dynamical behavior of epidemics, we consider different epidemic models on complex networks, and obtain the epidemic threshold for each case. Finally, we present numerical simulations for each case to verify our results.
Introduction
Dynamical behavior of disease spreading has been an important topic for mathematical research for a long time. The SIS (susceptible-infected-susceptible) and the SIR (susceptible-infected-recovered/removed) are always convenient mathematical models to describe the fundamental mechanism of diseases. [1] For the SIS epidemic model, each individual can exist in two states: S-susceptible and I-infected. At each time, the susceptible individual which is connected to an infected neighbor will be infected with rate λ. Meanwhile, the infected individuals may be recovered and become susceptible individuals at a rate γ. For the SIR model, once an infected individual becomes recovered (R), then the individual will not be infected again.
Researchers have mainly studied the dynamics of epidemic on homogenous networks (the degree distribution of network exhibiting a normal distribution), and many remarkable results have been obtained. In order to explore the mechanism of the evolution of complex networks, in 1999, Barabási and Albert introduced a new model of complex networks: scale-free networks (BA). [2] In a scale-free network the probability P (k) that any node has k links to other nodes is distributed according to a power law P (k) ∼ k −γ (that is, for scale-free networks, the degree distribution exhibits large fluctuations). Many real complex systems have been shown to be scale-free networks, such as the WWW (World Wide Web), the Internet, and so on. What's more, many epidemic diseases occur in communities which also exhibit characteristics consistent with a scale-free network, e.g., the human sexual contacts show scale-free characteristics. [3] Recently the spread of epidemic diseases on scale-free networks has been studied by many researchers, [3−18] where in Ref. [18] a review for recent advances is presented. The striking result is that for SIS and SIR models the epidemic threshold λ c is zero for sufficiently large scale-free networks. [5, 6] Different diseases have different mechanisms, the SIS and SIR models cannot correctly interpret all kinds of diseases. So for different diseases, the corresponding dynamical models should be established. For instance, the susceptible individual should be classified into different cases because of their different immunities, so should the infected individual because of their infectivities. Sometimes, the disease will progress through several distinct stages, etc.
Individuals can be classified into three states, Ssusceptible, I-infected, and R-recovered (removed). To better explore the mechanism of epidemic spreading on complex networks, in this paper, we suppose that the S and I states can be subdivided into subclasses according to their different immunities, different infectivities and so on. That is, our models can describe S i IR, SI i R, and SI i,1 I i,2 , . . . , I i,n R, i = 1, 2, . . . , n. In order to make the models more reasonable, we also consider the birth and death of individuals. By using the method as in Ref. [4] , we think that all individuals are distributed on the network, and each node of the network is empty or occupied by at most one individual. The numbers 0, 1, 2, 3 denote that the node has no individual, a healthy (susceptible) individual, an infected individual, and a recovered individual respectively. Each node can change its state with a certain rate. An empty node can give birth to a healthy (susceptible) individual at the rate δ. The susceptible individual can be infected at a rate which is proportional to the number of infected individuals in the neighborhood or die at certain rate α. The infected individual can be cured at certain rate µ or die at certain rate β. If an individual dies, that node will become an empty node again.
The rest of this paper is organized as follows. In Sec. 2, the susceptible individuals are classified into different cases. In Sec. 3, the infected individuals are classified into different cases. Then in Sec. 4, the infected individuals are not only classified into different cases, but also each case will go through several stages. Finally, in Sec. 5, numerical simulations are presented to verify our results. Section 6 concludes the paper.
Multiple Susceptible Individuals
In this section, we consider the susceptible individuals with serval different cases according to their age or immunities. In order to consider the heterogeneity of complex networks, S i,k , i = 1, . . . , n denote the density of the susceptible individuals with degree k and also belong to the i-th case, I k and R k denote the density of the infected individuals and the recovered individuals with degree k, respectively. Then the mean-field equations can be written as:
where
is the density of empty nodes, which will give birth to nodes with degree k, and δ i , λ i , α i are the birth rates, infectivity rates, and the natural death rates for the i-th case susceptible individuals respectively, β, µ are the natural death rate and the rate from I → R for infected individuals, and γ is the natural death rate of recovered individuals. For uncorrelated networks, Θ can be written as [5, 6] 
where k = Σ k kp(k). By letting the right-hand side of Eqs.
(1) to be zero, we have:
There are n + 2 unknown variables in n + 2 equations, so we can solve each variable easily. So I k is
By combining Eqs. (2) and (3), we get a self-consistency equation
The solution Θ = 0 always satisfies the consistency equation (4) . A non-zero stationary prevalence can be obtained when the right-hand side and the left-hand side of Eq. (4), expressed as a function of Θ, cross in the interval 0 < Θ ≤ 1, allowing a nontrivial solution. It is easy to know that this corresponds to the following inequality
Multiple Infected Individuals
In this section, we suppose that the infected individuals are classified into several different cases according to their infectivity rates or natural death rates. Let I i,k , i = 1, . . . , n denote the i-th infected individual with degree k. The corresponding mean-field equations are given by:
Here the new infected individuals will come into the i-th infectivity individuals with probability p i , so n i=1 p i = 1. Other parameters are similar to those in Sec 2, and
By letting the right-hand side of Eqs. (7) to be zero, we have
From the second equation of Eqs. (8), we obtain
By combining Eqs. (7) and (9), then
From Eqs. (8-10), we have
By similar method used in the above section, we have
4 Multiple-Staged Infected Individuals
In the above section, we considered that the infected individuals may have several cases, however, just as being discussed in Ref. [17] , each case of infected individuals can also develop in several stages. So we will discuss the Multiple-Staged infected individuals models in this section. Let I i,j , i = 1, . . . , n, j = 1, . . . , m denote the i-th infected individual which is in the j-th stage.
In order to simplify the computation, we do not consider the natural death rate for I i,j , i = 1, . . . , n, j = 1, . . . , m, but only suppose that they only go into R state with certain rates (the method for the Multiple-Staged infected individuals models with natural death is the same, but that is somewhat more complicated).
The dynamics equations are:
Here the individuals' degree k is given as the superscripts to differentiate from the subscripts i, j. The infectivity rates for I i,j on susceptible individuals are λ i,j , and µ i,j are the rates of the transformation I i,j → I i,j+1 , i = 1, . . ., n, j = 1, . . . , m − 2, and µ i,m are the rates of the transformation I i,m → R. Here we suppose that each I i,j can infect susceptible individuals, and new infected individuals will come into the i-th infectivity individuals with probability p i , so we also have n i=1 p i = 1. Θ i,j are given by:
By using the similar method to Eqs. (13), we can obtain the threshold for the Multiple-Staged infected model:
From inequality (5), (12), and (15), we can get the relations between thresholds of epidemic and the parameters, such as the degree distribution, birth rate, death rate, and so on. Especially, the thresholds for each case are zero when the size of network is sufficiently large, that is,
Numerical Simulations
In this section, we present numerical simulations to verify our results. In order to consider the parameters' effects on the threshold, our simulations are based on the BA network with p(k) = k −γ , γ = 3, N = 200, k = 6, and k 2 = 47. In Fig. 1 we simulate the results for the inequality (5), we just consider the two cases' susceptible individuals, that is, n = 2. We give a value to λ 2 in order to show the effect of different µ, β, δ i , α i , i = 1, 2 on the threshold
Below we only consider the threshold λ 1 . From the inequality (5), we have:
From inequality (5), (12), and (15), we can find that the thresholds are irrelevant to γ. Simulation in Fig. 2 confirms this case, because other cases are also irrelevant to γ, we do not simulate these cases again. In Fig. 3 we simulate the results for the inequality (12) . We just consider the two cases' infected individuals. Because there are only two cases for infected individuals, we let the first probability for S → I 1 be p, then the other is 1 − p. We also give a value to λ 2 in order to show that the effect of different parameters on the threshold λ i , i = 1, 2. Here we only consider the threshold λ 
In Fig. 4 we simulate the results for the inequality (15) . We also only consider the two cases' infected individuals, and each case of infected individuals have two stages, that is, n = m = 2. By letting λ 1,2 , λ 2,1 , λ 2,2 , δ = 0.1, γ = 0.5, and β = [0.1, 0.1; 0.1, 0.1] to be unchanged, from the inequality (15), we have:
From the figures, we can find that our simulations are in accordance to our theoretical results. 
Conclusions
Different epidemics have different mechanisms of spreading on complex networks, though the traditional epidemic models SIR, SIS etc. may be not capable of interpreting all of epidemics. In order to better explain the mechanisms of epidemic spreading on complex networks, in this paper we have discussed epidemic thresholds for different epidemic models. Firstly, the susceptible individuals are classified into different cases according to their immunities. Secondly, the infected individuals are classified into different cases according to their different infectivity rates or natural birth rates. Finally, the Multiple-Staged infected model is discussed, because diseases not only develop into different cases but also each case may go through different stages. We analyzed these different models for epidemic spreading on complex networks, and obtained the threshold for each case. Our models are more reasonable than the simple case, such as the SIS model or the SIR model. Moreover, our results may be helpful in understanding the spreading of some epidemics, such as AIDS/HIV, and our results may also have some instructional effects on immunization strategy to control epidemic spreading. In order to verify our results, we perform numerical simulations for each case.
